In the paper, it is proved that if a finite group G possesses a π-Hall subgroup for a set π of primes, then every normal subgroup A of G possesses a π-Hall subgroup H such that G = AN G (H).
every set π of primes, a complete analogue of the Frattini argument for π-Hall subgroups holds. However, given a set π of primes, in a nonsolvable finite group π-Hall subgroups may fail to exist, and, even if they exist, they can be nonconjugate.
According to [4] , we say that G satisfies E π (or, briefly G ∈ E π ) if Hall π (G) = ∅. If G ∈ E π and all π-Hall subgroups are conjugate then we say that G satisfies C π (G ∈ C π ). A group satisfying E π or C π is called also an E π -or a C π -group, respectively.
It is easy to show that if A is a normal subgroup of a finite group G and A ∈ C π for some π then G = AN G (H) for every π-Hall subgroup H of A. This notice is a key idea in the proof of the famous Chunikhin Theorem [5, (3.12) ], claiming that an extension of a C π -group by a C π -group is a C π -group as well. In general, distinct analogues of the Frattini Argument for Hall subgroup are of extraordinary importance in the study of Hall subgroups and generalizations of the Sylow Theorem (see [4, ).
The following statement is the main result of the paper. 
Remark 1.
It is well known that, if A ✂ G and H is a π-Hall subgroup of G, then H ∩ A is a π-Hall subgroup of A (see Lemma 1) . Thus, the condition G ∈ E π in Theorem 1 implies A ∈ E π . However we cannot replace the condition G ∈ E π with a weaker condition A ∈ E π . Indeed, let π = {2, 3} and A = GL 3 (2) = SL 3 (2). Then A possesses exactly two classes of conjugate π-Hall subgroups with the representatives
.
The class H Consider the natural split extension G = A : ι . Then N G (H) ≤ A for every π-Hall subgroup H of A and, in particular, AN G (H) = A < G. Indeed, since |G : A| = 2, the assertion N G (H) A would imply G = AN G (H) and H G = H A , in particular H ι ∈ H A . But in this case the automorphism ι would leave the class H A invariant, a contradiction. Now G / ∈ E π , since otherwise, in view of the identity |G : A| = 2, the equality G = AK would hold for every π-Hall subgroup K of G and, in particular,
Remark 2. If one compare the conclusion of Theorem 1 with the original Frattini Argument, it will be natural natural to ask, whether the identity G = AN G (H) holds for every π-Hall subgroup H of A, or at least for every subgroup of the form H = K ∩ A, where K is a π-Hall subgroup of G, if the condition of Theorem 1 is satisfied? This question has a negative answer. Indeed, let π = {2, 3} and S = GL 3 (2). Suppose that subgroups H 1 and H 2 are defined in the same way as in Remark 1. Consider the direct product
Now A admits an automorphism τ : (x 1 , x 2 , . . . , x 5 ) → (x 5 , x 1 , . . . , x 4 ) and we denote by G the natural semidirect product of A and τ . Since |G : A| = 5 is a prime, 5 / ∈ π, and A ✂ G, the sets Hall π (G) and Hall π (A) coincide. Consider π-Hall subgroups
Thus, the conjugacy classes of K 1 and K 2 in A are distinct, while they are fused in G. Whence
As a corollary to Theorem 1 we obtain the main result of [19] , thus we give a simpler proof to the following statement.
Preliminary results
We always denote by π a set of primes and by π ′ the complement to π in the set of all primes. An integer n is called a π-number if every prime divisor of n belongs to π. A group G is called a π-group if |G| is a π-number. Recall that a finite group G is said to be π-separable, if there is a normal series of G with all factors being either π-or π ′ -groups.
Proof. See [15, Corollary 9] . ✷ If S is a subnormal subgroup of G, then by Hall Recall that a subgroup generated by all minimal normal subgroups is called the socle. A group is called almost simple, if its socle is a finite simple nonabelian group. Lemma 5. Let π be a set of primes and G be an almost simple E π -group with (nonabelian simple) socle S. Then the following hold.
Proof. See [14, Theorem 1.1]. ✷ Lemma 6. Let π be a set of primes, G be an almost simple E π -group with socle S and T ≤ G. Consider the action of T on
by conjugation. Then the following hold:
, then the length of every orbit is a π-number;
, then there exists an orbit such that its length is a π-number.
Consider an orbit ∆ of T on Ω. Since |∆| |Ω|, Lemma 5 implies that either |∆| is a π-number, or 2, 3 ∈ π, k G π (S) = 9, and |∆| ∈ {5, 7}. In the last case, the action of T on Ω is intransitive, every orbit under this action with the exception of ∆ has the length at most |Ω| − |∆| 4, and so is a π-number. ✷ Lemma 7. Let G be an almost simple E π -group, S be the socle of, and H ∈ Hall π (G). Then, for some H ∈ Hall π (G), the equality (H ∩ S)
Let T /S be a π ′ -Hall subgroup of a (solvable) group G/S. Consider the action of T on Ω induced by the action of T on the set of subgroups of S via conjugation. By Lemma 6 it follows that T possesses an orbit ∆ of length being a π-number. On the other hand, since S is included in the kernel of the action of T on Ω and since T /S is a π ′ -group we obtain that |∆| is a π ′ -number. Hence |∆| = 1.
and the lemma follows. 
Lemma 8. Let S be a simple subnormal subgroup of an
Proof. There exists a composition series
The claim of the Lemma follows from [15, Theorem 4] and the equality Aut
. Let S be a simple subnormal E π -subgroup of G and U ∈ Hall π (S). Choose a right transversal g 1 , . . . , g n for N G (S) in G and let
Proof. One may assume that S is nonabelian. Let A = S G . Since S is nonabelian simple, we derive that A is a direct product of S g 1 , . . . , S gn and, as a consequence, V is a direct product of U g 1 , . . . , U gn . In particular, V is a π-group and |A : V | = |S : U| n is a π ′ -number, i.e. V ∈ Hall π (A). ✷ Lemma 10. Let S be a simple subnormal subgroup of G and a subgroup U of S is chosen so that the equality
Proof. In view of the choice of elements g 1 , . . . , g n , for every g ∈ G we have S g ∈ {S g i | i = 1, . . . , n} and so A = S G ✂ G. Notice also that since S is simple and subnormal, we have [
There exist a permutation σ ∈ Sym n and x 1 , . . . , x n ∈ N G (S) such that g i g = x i g iσ . Now consider γ i ∈ Aut G (S), where the map γ i : S → S is given by s → s
iσ −1 and a = a 1 · . . . · a n . Clearly a ∈ A. We remain to show that V g = V a , and therefore the equality V G = V A holds. By the definition, it follows that a i ∈ S g i and U g i a = U g i a i . We have
and the lemma follows. ✷
Proof of the main results
Proof of Theorem 1. Let G ∈ E π and A ✂ G. We show by induction by the order of G, that A possesses a π-Hall subgroup H such that G = AN G (H). If G is simple, we have nothing to prove. Firstly, consider the case, where A is a minimal normal subgroup of G. Let S be a minimal subnormal subgroup of A. By Lemma 8 we have Aut G (S) ∈ E π . Lemma transversal g 1 , . . . , g n of G by N G (S) , and let
Since A is a minimal normal subgroup of G we obtain A = S G . By Lemma 9, H is a π-Hall subgroup of A. By Lemma 10 it follows that
Thus we may assume that there exists a minimal normal subgroup M of G such that M < A. As we proved above, the identity G = MN G (V ) holds for a π-Hall subgroup V of M. Set K = N G (V ). Notice that by Lemma 3 the identity V = M ∩ T holds for some π-Hall subgroup T of G.
for some X/M ∈ Hall π (A/M) and thus G = AN G (X). Suppose that V = 1, i.e. M = V . Then X ∈ Hall π (A), and the conclusion of the theorem holds.
Consider the remaining case V = 1. In other words, consider the case, where M is a π ′ -group. By the Schur-Zassenhaus Theorem [2, Theorem 18.1], X possesses a π-Hall subgroup H, moreover H ∈ Hall π (A) and X = HM. Let g ∈ G. In view of the identity G = AN G (X) there exists a ∈ A such that X g = X a . Now H g and H a are π-Hall subgroups of X g and, by Schur-Zassenhaus theorem, H g and H a are conjugate in X g ≤ A. Hence, H and H g are conjugate in A, the class H A is G-invariant and G = AN G (H). In order to complete the proof, it remains to show that if
by Lemma 1. Lemma 3 implies that a complete preimage of a π-Hall subgroup of
divides |A : H| and so is a π ′ -number. Whence
and the theorem follows. ✷ Proof of Corollary 1. Let G ∈ C π , A ✂ G, and H ∈ Hall π (G). We need to show that
In view of G ∈ C π , G acts transitively on Γ by conjugations.
By Theorem 1, there exists X ∈ Hall π (A) such that G = AN G (X) (equivalently,
. It is easy to see that Y ∩ A = X and so X ∈ Γ. By the transitivity of G on Γ we have Γ = X G = X A , and this identity implies the transitivity of A on Γ. Now choose arbitrary K ∈ Hall π (HA) ⊆ Hall π (G). Since H ∩ A ∈ Γ and K ∩ A ∈ Γ, by the transitivity of A on Γ, there exists a ∈ A ≤ HA such that K ∩ A = H a ∩ A. The group N HA (H a ∩ A) is π-separable, since all sections of the normal series
are either π-or π ′ -groups. Hence N HA (H a ∩ A) ∈ C π by Lemma 2. Now H a , K ∈ Hall π (N HA (H a ∩ A)), so there exists x ∈ N HA (H a ∩ A) such that K = H ax . Thus we obtain that arbitrary K ∈ Hall π (HA) is conjugate with H in HA, whence HA ∈ C π . ✷ Proof of Corollary 2. Let A ✂ G. Suppose, A ∈ E π , G/A ∈ E π , and H A = H G for some H ∈ Hall π (A). Let M be the full preimage of a π-Hall subgroup of G/A. Then M ∈ E π in view of Lemma 3 and, moreover, Hall π (M) ⊆ Hall π (G), since |G : M| = |G/A : M/A| is a π-number. Thus,
The converse statement is a straight consequence of Lemma 1 and Theorem 1. for some x ∈ G * . Now
and H x is an A-invariant π-Hall subgroup of G. ✷
